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REGULARITY ESTIMATES FOR THE GRADIENT
FLOW OF A SPINORIAL ENERGY FUNCTIONAL
FEI HE AND CHANGLIANG WANG
Abstract. In this note, we establish certain regularity estimates
for the spinor flow introduced and initially studied in [AWW16].
Consequently, we obtain that the norm of the second order co-
variant derivative of the spinor field becoming unbounded is the
only obstruction for long-time existence of the spinor flow. This
generalizes the blow up criteria obtained in [Sch18] for surfaces to
general dimensions. As another application of the estimates, we
also obtain a lower bound for the existence time in terms of the
initial data. Our estimates are based on an observation that, up
to pulling back by a one-parameter family of diffeomorphisms, the
metric part of the spinor flow is equivalent to a modified Ricci flow.
Mathematics Subject Classification (2010): 53C27, 53C44, 53C25
1. Introduction
In [AWW16], in order to study certain interesting special spinors, in
particular parallel and Killing spinors, and related geometric struc-
tures, for example special holonomy metrics, from a variational point
of view, Ammann, Weiss and Witt introduced the spinorial energy
functional defined as
(1.1)
E : N → R≥0,
(g, φ) 7→ 1
2
ˆ
M
|∇gφ|2gdvg,
where N is the union of pairs (g, φ) of a Riemannian metric g and a g-
spinor of constant length one φ ∈ Γ(ΣgM) over a closed spin manifold
M .
In (1.1), ∇g denotes the connection on the spinor bundle ΣgM in-
duced by the Levi-Civita connection of g, and | · |g the pointwise norm
on T ∗M ⊗ ΣgM and dvg the volume form induced by g. For the sim-
plicity of notations, in the following, we will omit the superscript and
subscript g in ∇g and | · |g once no ambiguity is caused.
1F.H. was partially supported by the Fundamental Research Funds for the Cen-
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Note that to compare spinor bundles induced by two different metric
spin structures and then to calculate the variation of (1.1), one needs
a connection on the Fre´chet vector bundle N → M, where M is the
space of Riemnnian metrics on M . A natural one is the Bourguignon-
Gauduchon (partial) connection introduced in [BG92] (also see [AWW16]
for details). The evolution of the spinor φ is taken to be the vertical
part with respect to this connection. In [Wan91], Wang studied the
deformation of parallel spinors under variation of metrics in a different
manner, where the spinor bundle is fixed and the variation of metrics
reflects as a variation of spinor connections.
The variation formula of the functional (1.1) has been derived in
[AWW16]. Consequently, in dimension of M ≥ 3, they obtained that
the critical points of (1.1) are metrics with parallel spinors, and metrics
with Killing spinors are certain critical points of (1.1) subject to the
constraint of fixed volume. Moreover, the negative gradient flow of
(1.1) called the spinor flow is given by the coupled system
(1.2)

∂
∂t
gjk =
1
4
Tij +
1
2
〈∇jφ,∇kφ〉 − 1
4
|∇φ|2gjk,
∂
∂t
φ = ∆φ+ |∇φ|2φ,
where
(1.3) Tjk = g
li∇lT˜ijk
is the divergence over the first variable of the following 3-tensor
(1.4) T˜ (X, Y, Z) =
1
2
〈X ∧ Y · φ,∇Zφ〉+ 1
2
〈X ∧ Z · φ,∇Y φ〉.
It has been proved in [AWW16] that (1.2) is a weakly parabolic system
whose degeneracy is caused by spin-diffeomorphism invariance, and
the short-time existence of the initial value problem can be shown by
pulling it back to a stricly parabolic system. Behaviour of this flow
on surfaces, on Berger spheres and on homogeneous spaces have been
studied in [AWW16(2)], [Wit16] and [FSW18] respectively, stability of
the flow has been studied in [Sch17]. Moreover, a variational approach
of investigating special metrics on 7-manifolds has already been carried
out in an earlier work [WW12].
To study the long time behaviour of this flow, a fundamental question
is to find a criteria for finite time singularities occurring. In has been
proved in [Sch18] that on a closed 2-dimensional surface, if |∇2φ| stays
uniformly bounded, then no finite time singularity will occur. We show
that this result is true in general dimensions.
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Our approach is to pull-back a solution of (1.2) by a family of diffeo-
morphisms to an equivalent system which looks like a modified Ricci
flow coupled with an evolving spinor (see (3.2) below). Then it is suffi-
cient to do estimates for (3.2). We obtain the following Bernstein type
estimates in L2-integral form.
Theorem 1.1. Let (Mn, g(t), φ(t)) be a solution of the spinor flow.
For any constants K > 0, a > 0, suppose |Rm| ≤ K, |∇2φ| ≤ K and
|∇φ|2 ≤ K on Bg(0)(p, r√K ) × [0, aK ], then for any integer k ≥ 0 there
exists a constant C(n, a, k, r) such that
(1.5)
 
B r
2
√
K
|∇kRm|2dv(t) ≤ CK
2
tk
,
(1.6)
 
B r
2
√
K
|∇2+kφ|2dv(t) ≤ CK
2
tk
,
for t ∈ (0, a
K
]. Here, B r
2
√
K
denotes the geodesic ball centered at p with
radius r
2
√
K
with respect to the initial metric g(0), dv(t) denotes the
volume form associated to the Riemannian metric g(t), and as usual
ffl
denotes the average, e.g. 
B r
2
√
K
|∇kRm|2dv(t) :=
(
Volg(t)
(
B r
2
√
K
))−1 ˆ
B r
2
√
K
|∇kRm|2dv(t).
Pointwise estimates then follow from standard embedding theorems.
In view of the similarity of (3.2) to the Ricci flow, we can adapt a
method of [KNM16] to control the norm of the Riemann tensor in
terms of the initial data and the first two derivatives of the spinor, see
Lemma 4.1 below. Hence as our first application of the estimates in
Theorem 1.1, we have
Theorem 1.2. Let (g(t), φ(t)) be a solution to (1.2) or (3.2) on a
closed manifold M and on time interval [0, T ), for some T < ∞, if
sup
M×[0,T )
|∇2φ| < ∞, then the flow can be extended to a larger time in-
terval.
Note that in Theorem 1.2 we do not need to assume uniform bounds
for |∇φ| along the spinor flow, since it is controlled by |∇2φ| by Lemma
7.1 below.
As another application of Theorem 1.1, we also obtain a lower esti-
mate for the existence time in terms of initial data.
4 FEI HE AND CHANGLIANG WANG
Theorem 1.3. Let g(t), φ(t) be a solution of (3.2) on a closed manifold
Mn with n ≥ 3. Suppose sup
M
|Rm|g(0) ≤ LK and sup
M
|∇2φ|g(0) ≤ K,
there are constants Λ and δ depending on n, L and 
M
K−2−i|∇iRm|2dv(g(0)),
 
M
K−2−i|∇2+iφ|2dv(g(0)),
where i = 0, 1, 2, ..., [n
2
] + 1, such that the existence time interval con-
tains [0, δ
K
], and we have
sup
M×[0, δ
K
]
|∇2φ| ≤ ΛK.
The rest of the note is organized as follows. In §2, we recall some
basic facts in spin geometry that we may need in the note. In §3, we
describe how to pull back the spinor flow system in (1.2) to an equiv-
alent system in (3.2), in which the metric evolving equation behaves
similarly to the Ricci flow equation. Therefore, in §4, we are able to
obtain C0 estimate for Riemannian curvature tensor along the flow in
(3.2) by adapting the technique developed in [KNM16] for Ricci flow
to this spinor flow. Furthermore, in §5 we prove Theorem 1.1. Then
as applications of Theorem 1.1, we prove Theorem 1.2 in §6 and Theo-
rem 1.3 in §7. Finally, in the appendix §8 we recall some interpolation
inequalities that we need in preceding sections.
2. Preliminaries on spin geometry
In this section, we will briefly review some basic facts on spin geometry.
Throughout this note, Mn will be a connected closed spin manifold of
dimension n ≥ 2, and M is the space of Riemannian metrics on M .
2.1. Metric spin structure and spinor bundle. For more details
about this subsection, we refer to e.g. [BFGK91], [Fri00], and [LM89].
Fix a Riemannian metric g ∈ M on M , let PSO(g) denote the or-
thonormal frame bundle with respect to g. A metric spin structure
with respect to g is a spin(n)-principal bundle PSpin over M together
with an equivariant two-sheeted covering map
ξ : PSpin → PSO(g),
which restricts to a non-trivial double covering map ρ : Spin(n) →
SO(n) on each fiber. This is said to be equivalent to another metric
spin structure ξ′ : P ′Spin → PSO(g) with respect to g, if there exists
a principal Spin(n)-bundle isomorphism χ : PSpin → P ′Spin such that
REGULARITY FOR THE SPINOR FLOW 5
there is the commutative diagram
PSpin
χ
//
ξ
$$■
■■
■■
■■
■■
P ′Spin
ξ′
zz✉✉
✉✉
✉✉
✉✉
PSO(g).
The complex Clifford algebra Cln of the standard Euclidean vector
space (Rn, gRn) may be classified as
(2.1) Cln ∼=
{
End(Σn), if n = even,
End(Σn)⊕ End(Σn), if n = odd,
where “∼=” means algebra isomorphism, and Σn is a complex vector
space of complex dimension 2[n/2]. The spin group Spin(n) is a sub-
group of the group of invertible elements in Cln. Thus the inclusion
Spin(n) →֒ Cln together with the algebra isomorphism in (2.1) gives
the spin representation of the spin group Spin(n) on Σn, and which is
referred as µ : Spin(n) → End(Σn). Then the spinor bundle is defined
to be the associated bundle
ΣgM := PSpin ×µ Σn = (PSpin × Σn)/ ∼,
where (e˜, φ˜) ∼ (e˜ · g, µ(g−1)φ˜) for g ∈ Spin(n). A section of the spinor
bundle ΣgM is called a spinor (field).
The (complex) Clifford bundle Cl(g) is referred to be the union of
complex clifford algebras of (TxM, g(x)) for all x ∈ M . This bundle
may be viewed as an associated bundle as
Cl(g) = PSpin ×Ad Cln,
where Ad : Spin(n) → Aut(Cln) is given by Ad(g)(ϕ) = gϕg−1 for
g ∈ Spin(n) and ϕ ∈ Cln. By this characterization of Cl(g), one can
easily check that the Clifford bundle Cl(g) acts on the spinor bundle
ΣgM . In particular, the tangent bundle TM ⊂ Cl(g) acts on ΣgM , i.e.
a vector field X acts on a spinor φ, written as X · φ and this is called
Clifford multiplication. In terms of a local representation [e˜, φ˜] of φ,
where for an open set U ⊂ M , φ˜ : U → Σn, and e˜ : U → PSpin covers a
local orthonormal frame e = (e1, · · · , en) : U → PSO(g), we have
X · φ =
n∑
i=1
〈X, ei〉ei · φ =
n∑
i=1
〈X, ei〉[e˜, Ei · φ˜],
where {E1, · · · , En} is the standard basis of Rn, and Ei ·φ˜ is the Clifford
multiplication induced by the algebra isomorphism in (2.1).
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The Clifford multiplication naturally extends to actions of tensor
algebras. For example, for any p-form α,
α · φ :=
∑
1≤i1≤···≤iq≤n
α(ei1, · · · , eip)ei1 · · · · · eip · φ.
In particular,
(X ∧ Y ) · φ = X · Y · φ+ g(X, Y )φ.
Here we identify TM and T ∗M by using the Riemannian metric g.
The Levi-Civita connection on the orthonormal frame bundle PSO(g)
naturally induces a connection on PSpin and further on ΣgM . In a local
expression as above, the spinor covariant derivative of φ in the direction
of a vector field X can be written as
∇Xφ = [e˜, Xφ˜+ 1
4
n∑
i,j=1
g(∇Xei, ej)Ei · Ej · φ˜].
In other words,
∇Xφ = X(φ) + 1
4
g(∇Xei, ej)ei · ej · φ.
Here and also in the following the Einstein summation convention is
used.
Define the spinor curvature operator as
R(X, Y )φ := ∇2X,Y φ−∇2Y,Xφ = ∇X(∇Y φ)−∇Y (∇Xφ)−∇[X,Y ]φ.
By direct calculation
R(ei, ej)φ = 1
4
Rijklel · ek · φ.
Using the first Bianchi identity one can derive a formula for the Ricci
curvature as
ei · R(ej , ei)φ = −1
2
Rjkek · φ.
Recall that there is an inner product on the spinor bundle ΣgM
which is invariant under Clifford multiplication by unit vectors and
compatible with the spinor covariant differentiation, i.e.
〈X · φ,X · ψ〉 = 〈φ, ψ〉, if |X| = 1,
X〈φ, ψ〉 = 〈∇Xφ, ψ〉+ 〈φ,∇Xψ〉.
Using this inner product we get a formula for the Ricci tensor
(2.2) Rjk = −2〈ei · R(ej , ei)φ, ek · φ〉, if |φ| = 1.
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Hence the Ricci curvature tensor can be completely determined by the
second covariant derivative of any unit spinor field, we will keep this
fact in mind in the following of this note.
2.2. Topological spin structure and universal spinor bundle. In
order to compare spinors with respect to different Riemannian metrics,
one needs to gather all spinor bundles ΣgM for all g ∈M together into
a single bundle, which will be the so called universal spinor bundle.
For defining a universal spinor bundle, one needs a topological spin
structure without referring to any specific Riemannian metric. For
more details about these materials, see e.g. [AWW16], [BG92], and
[Swi93].
Fix an orientation for the manifold Mn. Let PGL+ be the oriented
frame bundle over M , which is a principal GL(n)+-bundle over M .
Then a topological spin structure is a principal G˜L(n)+-bundle P
G˜L
+
together with an equivariant two-sheeted covering map
θ : P
G˜L
+ → PGL+,
which restricts to a non-trivial double covering map G˜L(n)+ → GL(n)+
on each fiber. This is said to be equivalent to another topological spin
structure θ′ : P ′
G˜L
+ → PGL+ if there exists an equivariant principal
G˜L(n)+-bundle isomorphism χ : P
G˜L
+ → P ′
G˜L
+ such that there is the
commutative diagram
P
G˜L
+
χ
//
θ
##●
●●
●●
●●
●
P ′
G˜L
+
θ′
{{✇✇
✇✇
✇✇
✇✇
PGL+ .
It was shown in [Swi93] that for any fixed metric g the equivalent
metric spin structures with respect to g one-to-one correspond to equiv-
alent topological spin structures.
The bundle of positive definite bilinear forms can be viewed as the
associated bundle
⊙2+T ∗M = PGL+ ×p (GL(n)+/SO(n)) = PGL/SO(n),
where p is the natural left action of GL(n)+ on the quotient space
GL(n)+/SO(n). Now we choose and fix a topological spin structure
θ : P
G˜L
+ → PGL+ throughout the rest of the notes. Then the bundle
⊙2+T ∗M can also be viewed as
⊙2+T ∗M = PG˜L+ ×p˜ (GL(n)+/SO(n))
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= P
G˜L
+ ×p˜′ (G˜L(n)+/Spin(n))
= P
G˜L
+/Spin(n),
where p˜ and p˜′ are natural left actions of G˜L(n)+ on GL(n)+/SO(n)
and G˜L(n)+/Spin(n), respectively.
Thus the projection P
G˜L
+ → ⊙2+T ∗M is a principal Spin(n)-bundle.
The universal spinor bundle is then defined as the associated vector
bundle
π : ΣM := P
G˜L
+ ×µ Σn → ⊙2+T ∗M.
By composing π with the projection of the bundle projection⊙2+T ∗M →
M , one can also view ΣM as a fiber bundle over M with fiber (G˜L
+×
Σn)/Spin(n). Then a section Φ ∈ Γ(ΣM) of this bundle over M deter-
mines a Riemannian metric gΦ and a spinor φΦ ∈ Γ(ΣgΦM) and vice
versa. Therefore, we identify sections of the universal bundle ΣM → M
with the corresponding pairs (g, φ).
The Bourguignon-Gauduchon (partial) connection (or horizontal dis-
tribution) in [BG92], or equivalently generalized cylinder construction
in [BGM05], produces the decomposition
(2.3) T(g,φ)ΣM ∼= ⊙2+T ∗xM ⊕ Σg,xM,
where (g, φ) ∈ ΣM has base-point x ∈ M , and Σg,xM is the fiber of
the spinor bundle ΣgM with respect to the metric g over x ∈ M . In
the decomposition (2.3), the first factor is the horizontal part and the
second factor the vertical part. For details of the decomposition (2.3),
we also refer to [AWW16] and references therein.
The universal bundle of unit spinors S(ΣM) is given by
S(ΣM) := {(g, φ) ∈ {g} × ΣgM ⊂ ΣM | |φ|g = 1} ⊂ ΣM.
As in [AWW16], let F and N denote respectively the spaces of smooth
sections
F := Γ(ΣM) and N := Γ(S(ΣM)).
They can been considered as Fre´chet fiber bundles over M. Then it
follows from the decomposition (2.3) that
T(g,φ) = H(g,φ) ⊕ T(g,φ)Fg ∼= Γ(⊙2T ∗M)⊕ Γ(ΣgM),
and
T(g,φ)N = Γ(⊙2T ∗M)⊕ Γ(φ⊥)
= {(h, ϕ) ∈ Γ(⊙2T ∗M)⊕ Γ(ΣgM) | 〈ϕ(x), φ(x)〉 = 0, ∀x ∈M}.
Again the first factor in the decomposition is the horizontal part, and
the second factor the vertical part. As mentioned in Introduction, in
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the spinor evolving equation in the spinor flow system, ∂
∂t
φ takes values
in the vertical part.
3. Pull-back to a modified Ricci flow
In this section, we will pull-back the spinor flow (1.2) to a modified
Ricci flow coupled with an evolving spinor as in (3.2). This helps us
eliminate the term involving the second order derivative of spinor on
the right hand side of the metric evolving equation in (1.2), and so that
we can apply the technique developed in [KNM16] to do C0-estimate
for Riemann tensor in §4.
For simplicity we denote the covariant derivative in the direction of
ei as ∇i. Using the fact that |φ| ≡ 1 we have (recall tensors T˜ and T
defined in (1.4) and (1.3), respectively,)
T˜ijk =
1
2
〈ei · φ, ej · ∇kφ+ ek · ∇jφ〉.
Hence for any vectors X and Y , we can write T as
T (X, Y ) =
1
2
〈ei ∧X · ∇iφ,∇Y φ〉+ 1
2
〈ei ∧ Y · ∇iφ,∇Xφ〉
+
1
2
〈ei ∧X · φ,∇i∇Y φ〉+ 1
2
〈ei ∧ Y · φ,∇i∇Xφ〉.
Let D be the Dirac operator defined by
Dφ := ei · ∇iφ.
Lemma 3.1. For any tangent vectors X and Y , we have
T (X, Y ) = − 1
2
Ric(X, Y )− 2〈∇Xφ,∇Y φ〉
+
1
2
〈Dφ,X · ∇Y φ+ Y · ∇Xφ〉
+
1
2
〈φ,X · ∇YDφ+ Y · ∇XDφ〉.
Proof. For simplicity we use the standard trick to choose an orthonor-
mal frame ei, i = 1, 2, ..., n, and calculate at a point where ∇iej = 0.
First group ei· and ∇i whenever possible to introduce the Dirac oper-
ator to the expression of
Tjk =
1
2
〈Dφ, ej · ∇kφ+ ek · ∇jφ〉 − 〈∇jφ,∇kφ〉
+
1
2
〈φ, ej ·D∇kφ+ ek ·D∇jφ+∇j∇kφ+∇k∇jφ〉.
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Differentiating |φ| ≡ 1 twice yields
〈∇jφ,∇kφ〉 = −〈φ,∇j∇kφ〉.
Hence
Tjk =
1
2
〈Dφ, ej · ∇kφ+ ek · ∇jφ〉+ 1
2
〈φ, ejD∇kφ+ ekD∇jφ)〉
− 2〈∇jφ,∇kφ〉.
Note that
D∇kφ = ei · ∇i∇kφ = ei · (∇k∇iφ+R(ei, ek)φ) = ∇kDφ+ 1
2
Rklel · φ.
We can rewrite the formula of T as
Tjk =
1
2
〈Dφ, ej · ∇kφ+ ek · ∇jφ〉+ 1
2
〈φ, ej∇kDφ+ ek∇jDφ〉
+
1
2
〈φ, 1
2
Rklej · el · φ+ 1
2
Rjlek · el · φ〉 − 2〈∇jφ,∇kφ〉
=
1
2
〈Dφ, ej · ∇kφ+ ek · ∇jφ〉+ 1
2
〈φ, ej∇kDφ+ ek∇jDφ〉
− 1
2
Rjk − 2〈∇jφ,∇kφ〉

Now define a vector field
X := 〈φ, ei ·Dφ〉ei.
Let F (t) be the 1-parameter family of diffeomorphism generated by X ,
i.e. {
d
dt
F (t) = −1
8
X,
F (0) = id.
(3.1)
F (t) is a family of spin diffeomorphisms since they are isotopic to the
identity. Suppose (g(t), φ(t)) is a solution to (1.2), pull-back g(t), φ(t)
by F (t), for simplicity we denote F ∗g and F ∗φ still by g and φ. By the
formula for the Lie derivative and the metric Lie derivative obtained
in Proposition 17 in [BG92] (also see (8) in [AWW16])
LXgij = −〈ei · ∇jφ+ ej · ∇iφ,Dφ〉
+ 〈φ, ei · ∇jDφ+ ej · ∇iDφ〉,
L˜Xφ = ∇Xφ− 1
4
dXb · φ
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= 〈φ, ei ·Dφ〉∇iφ− 1
4
(〈∇jφ, ei ·Dφ〉
+ 〈φ, ei · ∇jDφ〉)ej ∧ ei · φ,
we have
(3.2)

∂
∂t
gjk =− 1
8
Rjk − 1
4
|∇φ|2gjk
+
1
4
〈Dφ, ej · ∇ekφ+ ek · ∇ejφ〉,
∂
∂t
φ =∆φ + |∇φ|2φ− 1
8
〈φ, ei ·Dφ〉∇iφ
+
1
32
(〈∇jφ, ei ·Dφ〉+ 〈φ, ei · ∇jDφ〉)ej ∧ ei · φ.
Hence by pulling back the flow (1.2) by a 1-parameter family of dif-
feomorphisms we simplified the evolution equation of the Riemmanian
metric, at the expense of complicating the evolution equation of the
spinor field by introducing a new second order term
1
32
〈φ, ei · ∇jDφ〉ej ∧ ei · φ.
Recall that under a smooth deformation of the metric ∂
∂t
g = h, we
have
∂
∂t
Rijlk =
1
2
(∇i∇khjl+∇j∇lhik−∇i∇lhjk−∇j∇khil+Rijpkhpl+Rijlphkp).
Denote
V(h)ijlk := ∇i∇khjl +∇j∇lhik −∇i∇lhjk −∇j∇khil
Under the flow (3.2) we have
∂
∂t
Rm =− 1
16
V(Ric) + 1
8
Rm(Ric) +Rm ∗ ∇φ ∗ ∇φ
+∇3φ ∗ ∇φ+∇2φ ∗ ∇2φ.
(3.3)
Here and in the rest of the notes, “∗” is allowed to involve three types
of operations: contraction by the metric g, clifford multiplication by
unit vectors, and contraction by the spinor inner product.
By the second Bianchi identity we can derive the heat-type evolution
equation of the Riemann curvature tensor.
∂
∂t
Rm =
1
16
∆Rm+Rm ∗Rm+Rm ∗ ∇φ ∗ ∇φ
+∇3φ ∗ ∇φ+∇2φ ∗ ∇2φ.
(3.4)
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After tracing we have the evolution equation of the Ricci tensor
∂
∂t
Ric =
1
16
∆Ric+Rm∗Ric+Rm∗∇φ∗∇φ+∇3φ∗∇φ+∇2φ∗∇2φ.
For covariant derivatives of the Riemann tensor we have evolution
equations
(
∂
∂t
− 1
16
∆)∇kRm =
k∑
l=0
l∑
r=0
∇1+rφ ∗ ∇1+l−rφ ∗ ∇k−lRm
+
k∑
l=0
∇lRm ∗ ∇k−lRm+
k+2∑
l=0
∇1+lφ ∗ ∇3+k−lφ,
(3.5)
where ∇k denote the k-th covariant derivative. For the spinor we have
(
∂
∂t
−∆)∇kφ = 1
32
〈φ, ep · ∇k∇qDφ〉eq ∧ ep · φ
+
k∑
p=0
k+1−p∑
q=0
∇1+pφ ∗ ∇qφ ∗ ∇k+1−p−qφ
+
∑
0≤l≤k−1
∇lRm ∗ ∇k−lφ+
∑
1≤l≤k
∇lRic ∗ ∇k−lφ.
4. Estimates of the Riemann tensor
In this section we show that the first two derivative of φ controls the
growth of |Rm| along the flow (3.2). Since this is trivial in dimension
≤ 3, we can assume here the dimension is n ≥ 4. We use the method
of [KNM16].
Lemma 4.1. Let (g(t), φ(t)) be a solution of (3.2) with |∇φ|2, |∇2φ| ≤
K on B(r)× [0, T ], where we can take B(r) to be a geodesic ball with
respect to g(0) with radius r. Then we have
sup
B(r/2)×[0,T ]
|Rm| ≤ C(n,K, r−1, T, sup
B(r)
|Rm|(g(0))).
Proof. We use C to denote constants that may depend on n,K, r−1
and p. For simplicity, we allow C to vary from term to term. Let η be
a cut-off function independent of t, and |∇η|2 ≤ Cr−1η. By (3.3) we
have
∂
∂t
ˆ
ηp|Rm|pdv(t)
=
ˆ
pηp|Rm|p−2〈Rm, ∂
∂t
Rm〉 + 1
2
trg(
∂
∂t
g)ηp|Rm|p
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≤ C
ˆ
ηp−2|∇η|2|Rm|p−2|∇Ric|2 + ηp|Rm|p−2|∇Rm||∇Ric|
+C
ˆ
ηp|Rm|p + ηp−1|∇η||Rm|p−1 + ηp|Rm|p−2|∇Rm|
where we used integration by part to deal with V(Ric) and ∇3φ. In
this section we can allow the constants to depend on p.
By the heat type equations we have
1
8
|∇Rm|2 ≤ ( 1
16
∆− ∂
∂t
)|Rm|2 + C(n)(|Rm|3 + |Rm||∇2φ|2)
+C|Rm|2 +Rm ∗ ∇3φ ∗ ∇φ,
and
1
8
|∇Ric|2 ≤ ( 1
16
∆− ∂
∂t
)|Ric|2 + C(n)(|Rm||Ric|2 + |Rm||Ric||∇φ|2)
+C(n)|Ric||∇2φ|2 +Ric ∗ ∇3φ ∗ ∇φ.
Note that |∇2φ| ≤ K implies |Ric| ≤ nK. We need to deal with the
following (other terms are easy to handle)
I =
ˆ
ηp−1|Rm|p−2|∇Ric|2,
II =
ˆ
ηp|Rm|p−2|∇Rm||∇Ric|,
III =
ˆ
ηp|Rm|p−2|∇Rm|.
I ≤ 8
ˆ
ηp−1|Rm|p−2( 1
16
∆− ∂
∂t
)|Ric|2 + Cηp−1|Rm|p−1
+C
ˆ
ηp−1|Rm|p−2 + ηp−1|Rm|p−2Ric ∗ ∇3φ ∗ ∇φ
≤ − 8
ˆ
ηp−1|Rm|p−2 ∂
∂t
|Ric|2
+C
ˆ
ηp−1|Rm|p−3|∇Rm||∇Ric|+ C
ˆ
ηp−2|∇η||Rm|p−2|∇Ric|
+C
ˆ
ηp−1|Rm|p−1 + ηp−1|Rm|p−2 + ηp−2|∇η||Rm|p−2
+C
ˆ
ηp−1|Rm|p−3|∇Rm|+ C
ˆ
ηp−1|Rm|p−2|∇Ric|.
By the Cauchy inequality the above implies
I ≤ C
ˆ
ηp−1|Rm|p−4|∇Rm|2 + ηp−1|Rm|p−1 + ηp−2|Rm|p−2
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− 16 ∂
∂t
ˆ
ηp−1|Rm|p−2|Ric|2dv + 16
ˆ
ηp−1|Ric|2 ∂
∂t
|Rm|p−2.
The first term in the above isˆ
ηp−1|Rm|p−4|∇Rm|2
≤ 8
ˆ
ηp−1|Rm|p−4( 1
16
∆− ∂
∂t
)|Rm|2 + C
ˆ
ηp−1(|Rm|p−1 + |Rm|p−2)
+C
ˆ
ηp−1|Rm|p−3 + C
ˆ
ηp−1|Rm|p−4Rm ∗ ∇3φ ∗ ∇φ,
after integration by part we can deriveˆ
ηp−1|Rm|p−4|∇Rm|2
≤ −C ∂
∂t
ˆ
ηp−1|Rm|p−2
+C
ˆ
ηp−1(|Rm|p−1 + |Rm|p−2 + |Rm|p−3 + |Rm|p−4)
+C
ˆ
ηp−2(|Rm|p−2 + |Rm|p−3).
For the last term in the above estimate of I, we haveˆ
ηp−1|Ric|2 ∂
∂t
|Rm|p−2
≤ (p− 2)
ˆ
ηp−1|Ric|2|Rm|p−4〈Rm, ∂
∂t
Rm〉+ C
ˆ
ηp−1|Rm|p−2
≤ C(p− 2)
ˆ
ηp−1|Ric|2|Rm|p−4|∇Rm|(|∇Ric|+K)
+C(p− 2)
ˆ
ηp−1|Ric||Rm|p−3|∇Ric|(|∇Ric|+K)
+C
ˆ
ηp−2|∇η||Ric|2|Rm|p−3(|∇Ric|+K)
+C(n,K)(p− 2)
ˆ
ηp−1|Rm|p−3 + C
ˆ
ηp−1|Rm|p−2
≤ C(1 + 1
ǫ
)
ˆ
ηp−1|Rm|p−4|∇Rm|2 + ηp−2(|Rm|p−2 + |Rm|p−3 + |Rm|p−4)
+ ǫI,
where we have used |∇Ric| ≤ (n− 1)|∇Rm|. Therefore
I ≤ −C ∂
∂t
ˆ
ηp−1|Rm|p−2 − C ∂
∂t
ˆ
ηp−1|Rm|p−2|Ric|2
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+C
ˆ
ηp−1|Rm|p−1 + ηp−2(|Rm|p−2 + |Rm|p−3 + |Rm|p−4).
Now we estimate the term
II =
ˆ
ηp|Rm|p−2|∇Rm||∇Ric|
≤ C
ˆ
ηp|Rm|p−1|∇Ric|2 + C
ˆ
ηp|Rm|p−3|∇Rm|2
= II1 + II2.
II1 ≤ C
ˆ
ηp|Rm|p−1( 1
16
∆− ∂
∂t
)|Ric|2 + ηp|Rm|p + ηp|Rm|p−1
+
ˆ
ηp|Rm|p−1Ric ∗ ∇3φ ∗ ∇φ
≤ C
ˆ
ηp−1(|∇η|+ 1)|Rm|p−1|∇Ric|+ ηp|Rm|p−2|∇Rm||∇Ric|
+C
ˆ
ηp(|Rm|p + |Rm|p−1)
+C
ˆ
ηp−1|∇η||Rm|p−1 + ηp|Rm|p−2|∇Rm|
−C ∂
∂t
ˆ
ηp|Rm|p−1|Ric|2 + C
ˆ
ηp|Ric|2 ∂
∂t
|Rm|p−1
≤ 1
4
II1 + CII2 + C
ˆ
ηp|Rm|p + ηp−1(|Rm|p−1 + |Rm|p−2)
−C ∂
∂t
ˆ
ηp|Rm|p−1|Ric|2 + C
ˆ
ηp|Ric|2 ∂
∂t
|Rm|p−1.
Similarly as above we deriveˆ
ηp|Ric|2 ∂
∂t
|Rm|p−1 ≤ II2 + C
ˆ
ηp−1(|Rm|p−1 + |Rm|p−2 + |Rm|p−3)
+C
ˆ
ηp|Rm|p + 1
4C
II1,
hence
II1 ≤ CII2−C ∂
∂t
ˆ
ηp|Rm|p−1|Ric|2+C
ˆ
ηp−1(|Rm|p−3+ |Rm|p−1).
II2 ≤ C
ˆ
ηp(|Rm|p−3( 1
16
∆− ∂
∂t
)|Rm|2 + |Rm|p + |Rm|p−2)
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+C
ˆ
ηp|Rm|p−3Rm ∗ ∇3φ ∗ ∇φ
≤ −C ∂
∂t
ˆ
ηp|Rm|p−1
+C
ˆ
ηp|Rm|p + ηp−1(|Rm|p−1 + |Rm|p−2 + |Rm|p−3)
by similar arguments as before. Clearly
III ≤ CII2 + C
ˆ
ηp|Rm|p−1.
Therefore we have shown
∂
∂t
ˆ
ηp|Rm|pdv
≤ −C ∂
∂t
ˆ
ηp−1|Rm|p−2|Ric|2 + C ∂
∂t
ˆ
ηp−1|Rm|p−2
−C ∂
∂t
ˆ
ηp|Rm|p−1|Ric|2 + C ∂
∂t
ˆ
ηp|Rm|p−1
+C
ˆ
ηp|Rm|p + ηp−4|Rm|p−4
Using Gronwall’s inequality, and use Young’s inequality to interpo-
late will yield an estimate of
´ |Rm|pdv(t),ˆ
ηp|Rm|pdv(g(t)) ≤ eCt
(ˆ
ηp|Rm|dv(g(0)) + CVg(0)(spt(η))t
)
,
where the constant C depends on n, p,K and sup η−1|∇η|2.
Then the Nash-Moser iteration will give us pointwise estimate,
sup
B(r/2)×[0,T ]
|Rm|
≤ C(n)ec(n,K)T ((C(n, p)r2 sup
[0,T ]
|Rm|Lp(r)(t))α(n,k,p) + r−β(n,k))
×
(
V (r)−1|Rm|Lk(B(r)×[0,T ]) + sup
B(r)
|Rm|(g(0))
)
.
Note the only non-standard step here is to use integral by part and
absorption arguments to get rid of ∇3φ . See for example [Li12] for
details of Nash-Moser iteration and Theorem 1.2 of [LT91] where the
initial value was taken into account.

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5. L2 estimates of derivatives
In this section we use the L2 method to obtain derivative estimates for
(3.2). We assume |∇2φ|, |∇φ|2, |Rm| ≤ K in the support of a cut-off
function η, with |∇η|2 ≤ Lη.
Lemma 5.1. For each integer k ≥ 0 and m ≥ 2k, there exists a
constant C depending on n, k,m,K, L, such that
∂
∂t
ˆ
ηm|∇kRm|2
≤ − 1
128
ˆ
ηm|∇k+1Rm|2 + C
ˆ
(ηm|∇kRm|2 + ηm|∇k+2φ|2)
+C
ˆ
η>0
|Rm|2 + |∇2φ|2 + |∇φ|2 + |φ|2.
Proof.
∂
∂t
ˆ
ηm|∇kRm|2
≤
ˆ
ηm〈∇kRm, 1
16
∆∇kRm〉+
ˆ
ηm〈∇kRm,
k∑
l=0
∇lRm ∗ ∇k−lRm〉
+
ˆ
ηm〈∇kRm,
k∑
l=0
l∑
r=0
∇1+rφ ∗ ∇1+l−rφ ∗ ∇k−lRm〉
+
ˆ
ηm〈∇kRm,
k+2∑
l=0
∇1+lφ ∗ ∇3+k−lφ〉+ C
ˆ
ηm|∇kRm|2
= I1 + I2 + I3 + I4 + C
ˆ
ηm|∇kRm|2.
I1 =
ˆ
ηm〈∇kRm, 1
16
∆∇kRm〉
= − 1
16
ˆ
ηm|∇k+1Rm|2 +mηm−1〈∇η ⊗∇kRm,∇k+1Rm〉
≤ − 1
32
ˆ
ηm|∇k+1Rm|2 + Cm2
ˆ
ηm−1|∇kRm|2.
To handle the term
´
ηm−1|∇kRm|2, we use integration by parts to getˆ
ηm−1|∇kRm|2
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=
ˆ
ηm−1〈∇k−1Rm,∇k+1Rm〉 +
ˆ
〈∇ηm−1 ⊗∇k−1Rm,∇kRm〉
≤ ǫ
ˆ
ηm|∇k+1Rm|2 + 1
2
ˆ
ηm−1|∇kRm|2 + Cǫ−1
ˆ
ηm−2|∇k−1Rm|2,
then iterate the above inequality to getˆ
ηm−1|∇kRm|2 ≤ ǫ
ˆ
ηm|∇k+1Rm|2 + Cǫ−1
ˆ
η>0
|Rm|2.
Then we can choose ǫ properly to get
I1 ≤ − 1
64
ˆ
ηm|∇k+1Rm|2 + C
ˆ
ηm|∇kRm|2 + C
ˆ
η>0
|Rm|2.
Then we estimate
I2 =
ˆ
ηm〈∇kRm,
k∑
l=0
∇lRm ∗ ∇k−lRm〉
≤ C
(ˆ
ηm|∇kRm|2 +
ˆ
η>0
|Rm|2
)
,
I3 =
ˆ
ηm〈∇kRm,
k∑
l=0
l∑
r=0
∇1+rφ ∗ ∇1+l−rφ ∗ ∇k−lRm〉
≤ C
(ˆ
ηm|∇kRm|2 +
ˆ
η>0
|Rm|2
)
+C
(ˆ
ηm|∇1+kφ|2 +
ˆ
η>0
|∇φ|2
)
.
Moreover, as before,ˆ
ηm|∇1+lφ|2 ≤
ˆ
ηm−1|∇1+lφ|2 ≤ C
ˆ
ηm|∇2+kφ|2 + C
ˆ
η>0
|φ|2.
I4 =
ˆ
ηm〈∇kRm,
k+2∑
l=0
∇1+lφ ∗ ∇3+k−lφ〉
=
ˆ
ηm〈∇kRm,
k∑
j=0
∇2+jφ ∗ ∇2+k−jφ〉+
ˆ
ηm〈∇kRm,∇k+3φ ∗ ∇φ〉,
first integrate by part to lower the order of ∇3+kφ, then use Cauchy
inequality and the interpolation lemma in the appendix to get
I4 ≤ 1
128
ˆ
ηm|∇k+1Rm|2 + C
(ˆ
ηm|∇kRm|2 +
ˆ
η>0
|Rm|2
)
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+C
(ˆ
ηm|∇k+2φ|2 +
ˆ
η>0
|∇2φ|2
)
,
where we used the same argument as in the estimate of I1 to control the
term
´
ηm−1|∇kRm|2. By the above estimates we have the lemma. 
Lemma 5.2. For any integer k ≥ 1, m > 2k, there exists a constant
C(n, k,m,K, L) such that
∂
∂t
ˆ
ηm|∇kφ|2 ≤ −1
4
ˆ
ηm|∇k+1φ|2 + C
ˆ
ηm|∇kφ|2
+ ηm|∇k−1Rm|2 + C
ˆ
η>0
|∇φ|2 + |φ|2 + |Rm|2.
Proof.
∂
∂t
ˆ
ηm|∇kφ|2
= 2
ˆ
ηm〈∇kφ,∆∇kφ〉+ 1
32
ηm〈φ, ep · ∇k∇qDφ〉〈∇kφ, eq ∧ ep · φ〉
+
k∑
p=0
k+1−p∑
q=0
ˆ
ηm〈∇kφ,∇1+pφ ∗ ∇qφ ∗ ∇k+1−p−qφ〉
+
∑
0≤l≤k−1
ˆ
ηm〈∇kφ,∇lRm ∗ ∇k−lφ〉
+
∑
1≤l≤k
ˆ
ηm〈∇kφ,∇lRic ∗ ∇k−lφ〉
= II1 + II2 + II3 + II4 + II5.
II1 = 2
ˆ
ηm〈∇kφ,∆∇kφ〉
= − 2
ˆ
ηm|∇k+1φ|2 + 2
ˆ
ηm−1〈∇η ⊗∇kφ,∇k+1φ〉
≤ −
ˆ
ηm|∇k+1φ|2 + C
ˆ
ηm−1|∇kφ|2
≤ − 1
2
ˆ
ηm|∇k+1φ|2 + C
ˆ
ηm−2|∇k−1φ|2
≤ − 1
2
ˆ
ηm|∇k+1φ|2 + C
ˆ
ηm|∇kφ|2 +
ˆ
η>0
|φ|2.
II2 =
1
32
ˆ
ηm〈φ, ep · ∇k∇qDφ〉〈∇kφ, eq ∧ ep · φ〉.
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By commuting covariant derivatives and the Dirac operator, we have
∇k∇qDφ = ∇q∇kDφ+
k−1∑
i=0
∇iRm ∗ ∇k−1−iDφ.
D∇kφ−∇kDφ =
k−1∑
i=0
∇iRic ∗ ∇k−1−iφ.
Then integration by part yields
II2 =
1
32
ˆ
ηm〈φ, ep · ∇q∇kDφ〉〈∇kφ, eq · ep · φ− δpqφ〉
+
ˆ
ηm
k−1∑
i=0
∇iRm ∗ ∇k−1−iDφ ∗ ∇kφ ∗ φ ∗ φ
= − 1
32
ˆ
ηm〈φ, ep · ∇kDφ〉(〈−D∇kφ, ep · φ〉 − 〈∇q∇kφ, δpqφ〉)
+
1
32
ˆ
mηm−1∇qη〈φ, ep · ∇kDφ〉〈∇kφ, eq ∧ ep · φ〉
+
ˆ
ηm∇kDφ ∗ ∇kφ ∗ ∇φ ∗ φ
+
k−1∑
i=0
ˆ
ηm∇iRm ∗ ∇k−1−iDφ ∗ ∇kφ ∗ φ ∗ φ
= − 1
32
ˆ
ηm|〈ep · φ,∇kDφ〉|2 + 1
32
ˆ
ηm〈φ, ep · ∇kDφ〉〈∇p∇kφ, φ〉
+
1
32
ˆ
mηm−1∇qη〈φ, ep · ∇kDφ〉〈∇kφ, eq ∧ ep · φ〉
+
ˆ
ηm∇kDφ ∗ ∇kφ ∗ ∇φ ∗ φ
+
k−1∑
i=0
ˆ
ηm∇iRm ∗ ∇k−1−iDφ ∗ ∇kφ ∗ φ ∗ φ
+
k−1∑
i=0
ˆ
ηm∇kDφ ∗ ∇iRic ∗ ∇k−1−iφ ∗ φ ∗ φ.
Then similarly as before we can derive
II2 ≤ 1
16
ˆ
ηm|∇k+1φ|2 + C
ˆ
ηm|∇kφ|2 + ηm|∇k−1Rm|2
+C
ˆ
η>0
|∇φ|2 + |Rm|2 + |φ|2.
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II3 =
k∑
p=0
k+1−p∑
q=0
ˆ
ηm〈∇kφ,∇1+pφ ∗ ∇qφ ∗ ∇k+1−p−qφ〉
=
k−1∑
p=1
k+1−p∑
q=1
ˆ
ηm〈∇k−1∇φ,∇p∇φ ∗ ∇q−1∇φ ∗ ∇k−p−q∇φ〉
+
k∑
q=1
ˆ
ηm〈∇k−1∇φ,∇φ ∗ ∇q−1∇φ ∗ ∇k−q∇φ〉
+
ˆ
ηm〈∇kφ,∇k+1φ ∗ ∇φ ∗ φ〉
+
k−1∑
p=1
ˆ
ηm〈∇kφ,∇1+pφ ∗ φ ∗ ∇k+1−pφ〉
≤ 1
16
ˆ
ηm|∇k+1φ|2 + C
(ˆ
ηm|∇kφ|2 +
ˆ
η>0
|∇φ|2 + |φ|2
)
.
The last term
II5 =
∑
1≤l≤k
ˆ
ηm〈∇kφ,∇lRic ∗ ∇k−lφ〉
=
ˆ
mηm−1〈∇η ⊗∇kφ,∇k−1Ric ∗ φ〉+ ηm〈∇k+1φ,∇k−1Ric ∗ φ〉
+
ˆ
ηm〈∇kφ,∇k−1Ric ∗ ∇φ〉+
∑
1≤l≤k−1
ˆ
ηm〈∇kφ,∇lRic ∗ ∇k−lφ〉
≤ 1
16
ˆ
ηm|∇k+1φ|2 + C
ˆ
ηm|∇kφ|2 + C
ˆ
η>0
|∇φ|2 + |φ|2
+C
ˆ
ηm|∇k−1Ric|2 + C
ˆ
η>0
|Ric|2,
where we used integral by part in the equation above (hence lost a copy
of the cutoff function η). Similarly we can estimate∑
0≤l≤k−1
ˆ
ηm〈∇kφ,∇lRm ∗ ∇k−lφ〉
≤ C
ˆ
ηm|∇k−1Rm|2 + ηm|∇kφ|2 + C
ˆ
η>0
|Rm|2 + |∇φ|2.

Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. We can rescale the flow parabolically such that
|Rm| ≤ 1, |∇2φ| ≤ 1 and |∇φ|2 ≤ 1 on Bg(0)(r)× [0, a], for simplicity
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we still denote it as (M, g(t), φ(t)). It is easy to see the volume can be
controlled under the flow
e−C(n)aV ≤ V olg(t)(Bg(0)(r)) ≤ eC(n)aV,
where V can be taken as V olg(s)(Bg(0)(r)) for any fixed s ∈ [0, a].
Choose a cut-off function η supported on Bg(0)(3r/4), with η = 1 on
Bg(0)(r/2) and |∇η| ≤ 4/r.
We will prove the theorem by induction on k. When k = 0 it is
trivial. Without loss of generality we can suppose the result hold for k
on a larger ball with radius 3r
4
. Take m = 2k + 4. Define
(5.1) Fi(t) = α
ˆ
ηm|∇iRm|2dv(t) +
ˆ
ηm|∇i+2φ|2dv(t),
for some constant α, i = 0, 1, 2, ..., k + 1.
By Lemma 5.1 and 5.2 we can choose α large enough such that
(5.2)
d
dt
Fk ≤ −βkFk+1 + CkFk + CkV
for constants βk and Ck depending on n, a, r and k. Then let
Qk = t
k+1Fk+1 + γ
k∑
i=0
(k + 1) · k · · · (k − i+ 1)
βk · βk−1 · · · βk−i t
k−iFk−i
where γ can be properly chosen such that k+1+aCk+1− (k+1)γ < 0,
hence by induction hypothesis we have
d
dt
Qk ≤ CV
for t ∈ [0, a]. We can integrate the above inequality, and rescale the
flow to obtain the desired estimates. 
6. Long time existence
In this section, we will show that the norm of the second order co-
variant derivative of the spinor field becoming unbounded is the only
obstruction of long-time existence of the spinor flow by proving Theo-
rem 1.2. We will assume that the dimension of the manifold n ≥ 3,
since the result on 2-dimensional surfaces has been shown in [Sch18].
6.1. Convergence of metrics. Let (g(t), φ(t)), t ∈ [0, T ), for some
T < ∞, be a solution to the system (3.2) on a closed manifold Mn
satisfying
sup
M×[0,T )
|∇2φ| <∞.
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Then by the equation (2.2), we have
sup
M×[0,T )
|Ric| <∞.
By Lemma 7.1 below, we also have
sup
M×[0,T )
|∇φ| <∞.
Hence by Lemma 4.1 the norm of Riemannian curvature tensor is
bounded
sup
M×[0,T )
|Rm| <∞.
Therefore the left hand side of the metric evolving equation in (3.2)
is uniformly bounded, i.e. we have
sup
M×[0,T )
∣∣∣∣ ∂∂tg
∣∣∣∣ <∞.
Thus there exists a constant C <∞ such that
(6.1) e−Cg(0) ≤ g(t) ≤ eCg(0)
on M for all t ∈ [0, T ). Moreover, as tր T , the metrics g(t) converge
uniformly to a continuous metric g(T ) such that
e−Cg(0) ≤ g(T ) ≤ eCg(0)
on M .
As direct consequences of the equivalence of metrics in (6.1), we have
the following uniform Sobolev inequalities. For any given 1 ≤ p < n,
there exists a constant C independent of t, such that
(6.2) ‖f‖Lq(M,g(t)) ≤ C
(‖∇f‖Lp(M,g(t)) + ‖f‖Lp(M,g(t))) ,
for any smooth function f ∈ C∞(M×[0, T )), q ≤ np
n−p , and all t ∈ [0, T ).
Furthermore, for any given p ≥ 1 satisfying 1− n
p
> 0, there exists a
constant C independent of t, such that
(6.3) ‖f‖C0(M)(t) ≤ C
(‖∇f‖Lp(M,g(t)) + ‖f‖Lp(M,g(t))) ,
for any smooth function f ∈ C∞(M × [0, T )) and all t ∈ [0, T ).
From the L2-estimates in Theorem 1.1, by using the uniform Sobolev
inequality in (6.2) certain times with f := |∇kRm| and f := |∇2+kφ|,
and also by Kato’s inequality, we can obtain
sup
t∈[0,T )
‖∇kRm‖Lp(M,g(t)) ≤ C,
sup
t∈[0,T )
‖∇2+kφ‖Lp(M,g(t)) ≤ C,
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for certain p satisfying 1 − n
p
> 0. Then the following pointwise esti-
mates follows from the Sobolev inequality in (6.3).
Lemma 6.1. Let (g(t), φ(t)), t ∈ [0, T ), for some T <∞, be a solution
to the system (3.2) satisfying sup
M×[0,T )
|∇2φ| < ∞. Then for each non-
negative integer k, there exists a constant Ck, such that
(6.4) sup
M×[0,T )
|∇kRm| ≤ Ck,
(6.5) sup
M×[0,T )
|∇2+kφ| ≤ Ck.
From these pointwise estimates, we can obtain the following metrics
convergence result, by using essentially the same argument as showing
blow up condition for Ricci flow (see details in e.g. §7 in Chapter 6
in [CK04]), except replacing −2Ric by −1
8
Rjk − 14 |∇φ|2gjk+ 14〈Dφ, ej ·∇ekφ+ ek · ∇ejφ〉, which and whose derivatives are uniformly bounded
by Lemma 6.1.
Proposition 6.2. Let (g(t), φ(t)), t ∈ [0, T ), for some T < ∞, be a
solution to the system (3.2) satisfying sup
M×[0,T )
|∇2φ| < ∞. Then there
exists a smooth metric g(T ) on Mn such that g(t) → g(T ) in any Ck
norm as tր T .
6.2. Convergence of spinors. Now in order to extend the solution
(g(t), φ(t)), t ∈ [0, T ), crossing the time t = T , we also need to choose
a spinor φ(T ) ∈ Γ(Σg(T )M), which will be the limit of φ(t) in certain
sense as tր T .
Let PSO(t), t ∈ [0, T ] denote orthonormal frame bundles with respect
to the metric g(t). For each t ∈ [0, T ], there exists a unique A(t) ∈
End(TM) that gives a principal SO(n)-bundle isomorphism
A(t) : PSO(t) −→ PSO(T )
e = (e1, · · · , en) 7−→ A(t)e = (A(t)e1, · · · , A(t)en).
In particular, A(T ) = idTM .
Let ξt : PSpin(t) → PSO(t), t ∈ [0, T ], be metric spin structures
with respect to the metric g(t) corresponding to a fixed topology spin
structure on M . Then the isomorphism A(t) can be lifted to be an
isomorphism A˜(t) : PSpin(t) → PSpin(T ), for each t ∈ [0, T ), and such
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that there is the following commutative diagram
PSpin(t)
ξt

A˜(t)
// PSpin(T )
ξT

PSO(t)
A(t)
// PSO(T ).
Furthermore, A˜(t) induce isometries, which are still denoted by A(t),
between spinor bundles given by
A(t) : ΣtM := PSpin(t)×µ Σn −→ ΣTM := PSpin(T )×µ Σn
φ = [e˜, φ˜] 7−→ A(t)φ = [A˜(t)e˜, φ˜].
As shown in Proposition 2 in [BG92], for any fixed point x ∈ M ,
the isometries A(t) coincide with the fiber-wise parallel transport from
Σt,xM to ΣT,xM along the path gs = (1−s)g(t)+sg(T ), 0 ≤ s ≤ 1, as-
sociated with the Bourguignon-Gauduchon connection for the universal
spinor bundle.
Let ∇t denote the Levi-Civita connection with respect to the metric
g(t) for all t ∈ [0, T ]. Define a connection
∇t := A(t)−1 ◦ ∇T ◦ A(t)
on the tangent bundle for each t ∈ [0, T ]. This connection is compatible
with the metric g(t) and has a torsion, for any t ∈ [0, T ), given by
T
t
(X, Y ) := ∇tXY −∇tYX − [X, Y ]
= (∇TYA(t)−1)A(t)X − (∇TXA(t)−1)A(t)Y.
Then the difference between ∇t and ∇t is given in terms of the torsion
as
(6.6)
2g(t)(∇tXY −∇tXY, Z) = g(t)(T
t
(X, Y ), Z)
− g(t)(T t(X,Z), Y )− g(t)(T t(Y, Z), X).
Let {e1(t), · · · , en(t)} be a local orthonormal frame with respect to
g(t), and ω(t) and ω(t) be the connection 1-forms for ∇t, whose com-
ponents are
(6.7)
ω(t)ij = g(t)(∇tei(t), ej(t)),
ω(t)ij = g(t)(∇tei(t), ej(t)).
Metric connections ∇t and ∇t naturally induce connections on the
spinor bundle ΣtM associated to the metric g(t), which are still denoted
26 FEI HE AND CHANGLIANG WANG
by ∇t and ∇t, respectively. Then by the formula for the induced spinor
connections, we have
∇tXφ(t)−∇tXφ(t) =
1
4
n∑
i,j=1
(ωtij − ωtij)(X)ei · ej · φ(t).
Then combining with equations (6.6) and (6.7), we have
(6.8) (∇t −∇t)φ(t) = ∇T (A(t)−1) ∗ A(t) ∗ φ(t).
Lemma 6.3. Let (g(t), φ(t)), t ∈ [0, T ), for some T <∞, be a solution
to the system (3.2) satisfying sup
M×[0,T )
|∇2φ| <∞, and g(T ) be the limit
smooth metric obtained in Proposition 6.2. Then for each nonnegative
integer k, there exists a constant Ck independent of t such that
‖(∇T )k(A(t)φ(t))‖L2(ΣTM,g(T )) ≤ Ck.
Proof.
‖(∇T )k(A(t)φ(t))‖2L2(ΣTM,g(T ))
=
ˆ
M
|(∇T )k(A(t)φ(t))|2g(T )dv(T )
≤ C
ˆ
M
|A(t)−1(∇T )k(A(t)φ(t))|2g(t)dv(t)
= C
ˆ
M
|(∇t)kφ(t)|2g(t)dv(t)
= C
ˆ
M
|(∇t +∇t −∇t)kφ(t)|2g(t)dv(t)
≤ C
k∑
i=0
ˆ
M
|(∇t)iφ(t)|2g(t)dv(t)
≤ C2k .
In above steps the constants C may vary along steps but all of them are
independent of t. The first inequality follows from the uniform equiva-
lence of metrics g(t) and g(T ) for all t ∈ [0, T ]. The second inequality
follows from the expression (6.8) and the fact |(∇t)m∇TA(t)−1| and
|(∇t)mA(t)| are uniformly bounded for all t ∈ [0, T ], since essentially
A(t) = (g(T )−1g(t))
1
2 and all partial derivatives of g(t) are uniformly
bounded (this shall be shown while proving the convergence of met-
rics). Finally, the last inequality follows from L2 estimates in Theorem
1.1. 
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From the L2 estimates in Lemma 6.3 and standard Sobolev inequality
with respect to metric g(T ), one immediately obtains uniform pointwise
estimates. Furthermore, we have
Proposition 6.4. Let (g(t), φ(t)), t ∈ [0, T ), for some T < ∞, be a
solution to the system (3.2) satisfying sup
M×[0,T )
|∇2φ| <∞, and g(T ) be
the limit smooth metric obtained in Proposition 6.2. Then there exists
a spinor φ(T ) ∈ Γ(ΣTM) such that A(t)φ(t) → φ(T ) in any Ck norm
as tր T .
Now one can solve the system (3.2) with the initial data (g(T ), φ(T ))
obtained in Propositions 6.2 and 6.4 to extend the flow crossing the
time t = T . This completes the proof of Theorem 1.2.
7. Lower bound estimate for the existence time
First we show the easy fact that |∇φ| is naturally controlled by |∇2φ|
under the normalization |φ| ≡ 1. Hence to obtain a lower bound for
the existence time, we only need to control |∇2φ|.
Lemma 7.1. Let φ be a spinor field with |φ| ≡ 1 on a domain Ω, then
|∇φ|2∞,Ω ≤ |∆φ|∞,Ω.
Proof. Let 0 ≤ η ≤ 1 by any cut-off function supported on Ω with
η = 1 on Ω−ǫ:= {x ∈ Ω | d(x, ∂Ω) > ǫ}. Since
〈∇φ, φ〉 = 0,
we use integral by part to getˆ
η|∇φ|2k =
ˆ
η|∇φ|2k−2〈φ,∆φ〉
≤ |∆φ|∞,r
ˆ
η|∇φ|2k−2
≤ · · ·
≤ |∆φ|k∞,r
for any positive interger k. Take the k-th root and let k →∞ yields
|∇φ|2∞,Ω−ǫ ≤ |∆φ|∞,Ω.
Let ǫ→ 0 finishes the proof. 
proof of Theorem 1.3. Without loss of generality we can assumeK = 1.
For Λ > 2 to be determined later, suppose [0, T ] (T ≤ 1) is the maximal
time interval such that
sup
M×[0,T ]
|∇2φ| ≤ Λ.
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By Lemma 4.1 we have |Rm| ≤ C(n, L,Λ) on M × [0, T ] (note that we
can take η ≡ 1 in its proof since M is closed).
Let Fi(t) be the quantities defined in (5.1). Let k =
[
n
2
]
+1, and set
Pk(t) = Fk(t) +
k∑
i=1
CkCk−1...Ck+1−i
βk−1βk−2...βk−i
Fk−i(t),
Pk−1(t) = Fk−1(t) +
k−1∑
i=1
Ck−1...Ck−i
βk−2...βk−1−i
Fk−1−i(t),
where the constants are from (5.2). By (5.2) we have
Pk(t) ≤ Pk(0) + C(n, L,Λ)V t,
and
Pk−1(t) ≤ Pk−1(0) + C(n, L,Λ)V t.
Recall here V = Volg(0)M . In particular,ˆ
|∇k+2φ|2dv(t) ≤ Pk(0) + C(n, L,Λ)V t,
and ˆ
|∇k+1φ|2dv(t) ≤ Pk−1(0) + C(n, L,Λ)V t.
Moreover, by setting k = 0 in (5.2), dropping the term −β0F1 on
the right hand side of the inequality, and then solving the differential
inequality, one can easily get
F0(t) ≤ F0(0) + (eC0t − 1)V.
In particular, ˆ
|∇2φ|2dv(t) ≤ F0(0) + (eC0t − 1)V.
Since the Sobolev constants are uniform along the flow up to a factor
eC(n,L,Λ)t, we can use Lemmas 8.1 and 8.3 to get pointwise estimate
for |∇2φ| as follows. In the rest of the proof, we use C to denote
constants only depending on n, C1 only depending on n and the initial
metric g(0), and C2 also depending on Λ. In the following derivations,
constants C, C1, and C2 may vary along steps.
By setting i = 1, η ≡ 1, and A = ∇φ in Lemma 8.1, we have
‖∇2φ‖L2k(g(t))
≤ C (|∇φ|∞(t))1−
1
k
(‖∇k+1φ‖L2(g(t)) + ‖∇φ‖L2(g(t))) 1k
≤ C (|∇2φ|∞(t))1− 1k
(
‖∇k+1φ‖L2(g(t)) +
(ˆ
|∆φ|dv(t)
)1
2
) 1
k
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≤ C (|∇2φ|∞(t))1− 1k
(
‖∇k+1φ‖L2(g(t)) +
(ˆ √
n|∇2φ|dv(t)
) 1
2
) 1
k
≤ C (|∇2φ|∞(t))1− 1k (‖∇k+1φ‖L2(g(t)) +√nV eC2t + ‖∇2φ‖L2(g(t))) 1k .
Similarly, by setting A = ∇2φ in Lemma 8.1, we have
‖∇3φ‖L2k(g(t)) ≤ C
(|∇2φ|∞(t))1− 1k (‖∇k+2φ‖L2(g(t)) + ‖∇2φ‖L2(g(t))) 1k
By setting p = 2k and u = |∇2φ| in Lemma 8.3, and combining with
the above estimates, we have(|∇2φ|∞(t)) 2kα
≤ C1eC2t(CS(g(t)))2k
(‖∇2φ‖Lm(g(t))) 2kα −2k (‖∇3φ‖2kL2k(g(t))
+C1e
C2t‖∇2φ‖2kL2k(g(t))
)
≤ C1eC2t(1 + eC2t)(CS(g(t)))2kV 1m( 2kα −2k)
(|∇2φ|∞(t)) 2kα −2 (ˆ |∇k+2φ|2dv(t)
+
ˆ
|∇k+1φ|2dv(t) +
ˆ
|∇2φ|2dv(t) + nV eC2t
)
≤ C1eC2t(1 + eC2t)(CS(g(t)))2kV 1m( 2kα −2k)
(|∇2φ|∞(t)) 2kα −2 (Pk(0) + Pk−1(0)
+F0(0) + C2V t+ (e
C0t − 1)V + nV eC2t).
Then dividing by (|∇2φ|∞(t))
2k
α
−2
, we have
(|∇2φ|∞(t))2 ≤ C1eC2t(1 + eC2t)(CS(g(t)))2kV 1m( 2kα −2k)(Pk(0) + Pk−1(0)
+F0(0) + C2V t + (e
C0t − 1)V + nV eC2t).
Recall that CS(g(0)) = C1V
− 1
n , Sobolev constants CS(g(t)) are uniform
along the flow up to a factor eC2t, and 1
α
=
(
1
n
− 1
2k
)
m+ 1, thus
(|∇2φ|∞(t))2 ≤ C1eC2t(1 + eC2t)V 1m( 2kα −2k)− 2kn (Pk(0) + Pk−1(0)
+F0(0) + C2V t+ (e
C0t − 1)V + nV eC2t)
≤ C1eC2t(1 + eC2t)V −1(Pk(0) + Pk−1(0)
+F0(0) + C2V t+ (e
C0t − 1)V + nV eC2t)
≤ C1eC2t(1 + eC2t)(V −1Pk(0) + V −1Pk−1(0)
+ V −1F0(0) + C2t + (e
C0t − 1) + neC2t)
Now choose a sufficiently large Λ such that
Λ2 > max{4C1(V −1Pk(0) + V −1Pk−1(0) + V −1F0(0) + n), 4}.
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Then we can take δ such that
Λ2 = C1e
C2δ(1 + eC2δ)(V −1Pk(0) + V
−1Pk−1(0) + V
−1F0(0)
+C2δ + (e
C0δ − 1) + neC2δ).
This complete the proof. 
8. Appendix: Interpolation lemma
The following interpolation lemma was proved in the Appendix of
[KS02].
Lemma 8.1. For integers k > 0, 1 ≤ i ≤ k and m ≥ 2k we have the
inequality(ˆ
ηm|∇iA| 2ki
) i
2k
≤ C|A|1−
i
k∞
((ˆ
ηm|∇kA|2
) 1
2
+ |A|L2,η>0
) i
k
,
where the constant C depends only on n,m, k and |∇η|∞.
As a corollary we have the following lemma which is needed in our
derivation of L2 derivative estimates.
Lemma 8.2. Let 1 ≤ i1, i2, ..., il ≤ k and i1+ i2+ ...+ il = 2k, m ≥ 2k.
Then for (vector valued) tensors A1, A2, ..., Ar and a cutoff function η,
we have ˆ
ηm∇i1A1 ∗ ∇i2A2 ∗ ... ∗ ∇ilAl ∗ Al+1 ∗ ... ∗ Ar
≤ C
(
r∏
i=l+1
|Ai|∞
)
l∑
j=1
|Aj |
2k
ij
−2
∞
(ˆ
ηm|∇kAj|2 +
ˆ
η>0
|Aj|2
)
where the constant C depends only on n,m, k, r and |∇η|∞.
Proof. ˆ
ηm∇i1A1 ∗ ∇i2A2 ∗ ... ∗ ∇ilAl ∗ Al+1 ∗ ... ∗ Ar
≤ C
(
r∏
i=l+1
|Ai|∞
)
l∏
j=1
(ˆ
ηm|∇ijAj |
2k
ij
) ij
2k
≤ C
(
r∏
i=l+1
|Ai|∞
)
l∏
j=1
|Aj|1−
ij
k
(ˆ
ηm|∇kAj |2 +
ˆ
η>0
|Aj |2
) ij
2k
≤ C
(
r∏
i=l+1
|Ai|∞
)
l∑
j=1
|Aj |
2k
ij
−2
∞
(ˆ
ηm|∇kAj|2 +
ˆ
η>0
|Aj|2
)
where in the last step we used Young’s inequality. 
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Recall that ([Sal92]) on any complete Riemannian manifold with
Ric ≥ −K we have a Sobolev inequality
(8.1)
(ˆ
B(r)
u
2µ
µ−2
)µ−2
µ
≤ C(n)r
2e
√
Kr
V (r)
2
µ
ˆ
B(r)
(|∇u|2 + r−2u2),
for any C1 function compactly supported on a geodesic ball B(r), where
µ = n when n ≥ 3 and 2 < µ < ∞ when n = 2. Using this Sobolev
inequality we can prove a multiplicative version by the same argument
as in [KS02] (Theorem 5.6).
Lemma 8.3. Let u ∈ C1c (B(r)), where B(r) is a geodesic ball with
radius r on a n-dimensional Riemannian manifold with Ric ≥ −K.
For any p > n, m ≥ 0 and 0 < α ≤ 1 with 1
α
= ( 1
n
− 1
p
)m+ 1, there is
a constant C depending only on n,m, p such that
|u|∞ ≤ CCαS |u|1−αLm (|∇u|Lp + r−1|u|Lp)α,
where CS = C(n)
re
√
Kr/2
V (r)
1
n
.
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